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Solar Sail Parking in Restricted Three-Body Systems
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Stationary solutions to the restricted three-body problem for solar sail spacecraft in the Earth-sun and
Earth-moon systems are investigated. It is found that the usual five Lagrange points are extended to a continaum
of new artificial points that form level surfaces parameterized by the sail mass per unit area. Analytic expressions
for the sail mass per unit area and the sail attitude required for these stationary solutions are obtained and the
stability of the solutions examined. It is found that although in general the solutions are unstable, a simple
closed-loop control scheme may be developed to ensure asymptotic stability.

Nomenclature
A = sail area
a, q = radiation. pressure acceleration, characteristic
polynomial coefficients
C = controllability matrix
I = identity matrix
L = Lagrange point
M, ; 3, M* = matrices of Eq. (16), M, — M,
m, mp = spacecraft mass, payload mass
N = first-order change in radiation pressure

acceleration, da/dn

= unit vector normal to sail surface

= sixth-order characteristic polynomial

= system matrix

= input distribution matrix

= Cartesian position vector (x, y, z)

= surfaces bounding regions of existence of
stationary solutions

= Sun-line direction in Earth-moon system

= complex variable, ¥ + iw

= surfaces bounding regions of existence of
stationary solutions

= corotating three-body potential

= state vector

= dimensionless sail loading parameter, ¢*/¢

= Re(s) ‘

= perturbation of sail position vector, r —r + &

= scalar feedback gains

= feedback gain matrices to sail attitude

= system mass ratio, n,/(m; + my)

= sail mass per unit area, 1.53 gm~2

= three-body gravitational potential

= centrifugal potential

= Im(s)
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Q, Q. = corotating frame angular velocity, angular rate
of sun line

v = gradient operator

O = unit vector

Subscripts

0 = initial value

1 = with respect to larger primary mass

2’ = with respect to smaller primary mass

Introduction

N this paper stationary solutions for solar sail spacecraft in

the Earth-sun and Earth-moon restricted three-body dy-
namical systems are investigated. The classical circular re-
stricted three-body problem has five well-known stationary
solutions, the so-called Lagrange points L; (j = 1, 5), where
an infinitesimal mass will remain at rest with respect to the two
primary masses of the system. It is found that in general the
collinear points L; (j = 1, 3) are unstable, whereas the triangu-
lar points L; (j = 4, 5) are stable in the Lyapunov sense.! The
classical restricted three-body problem has been extended to
include a radiation pressure force from either or both of the
primary masses, exerted on the infinitesimal mass.? This for-
mulation generates four new additional stationary solutions
with interesting stability characteristics. The radiation pres-
sure force. vector is, however, constrained to lie along the
primary mass-infinitesimal mass line.

For the Earth-sun-sail three-body system the sail attitude
may be freely oriented so that the solar radiation pressure
force vector is not constrained to lie along the sun-sail line.
Furthermore, the magnitude of the solar radiation pressure
force may be chosen through the total spacecraft mass per unit
area. Therefore, since certain parameters of the system can be
arbitrarily chosen, it is clear that rich new possibilities for
artificial stationary solutions will arise. In fact, it will be
demonstrated that there is a continuum of new stationary
solutions parameterized by the sail attitude and sail mass per
unit area. The dynamical stability of these new stationary
solutions is investigated and their instability established.
Therefore, a simple closed-loop control scheme is developed
whereby a feedback to the sail attitude is used to ensure the
asymptotic stability of the solutions. These stationary solu-
tions are an extension to previously developed heliocentric
halo-type orbits for solar sail spacecraft.’*
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Fig. 1 Schematic geometry of the Earth-sun solar sail restricted
three-body system.

For the Earth-moon three-body system the dynamics are no
longer autonomous as the sun line rotates once per synodic
month with respect to the Earth-moon corotating reference
frame. However, short duration stationary solutions are again
possible by utilizing small trims in the sail area to compensate
for the rotation of the sun line. Using this technique the
spacecraft may be parked for a short duration in the Earth-
moon system. These new three-body stationary solutions have
potential applications for space science missions and for the
parking of solar sail spacecraft on interplanetary trajectories.

In this initial, first-order analysis, the orbit of the two
primary masses will be taken to be exactly circular, and no
other gravitational accelerations other than those due to the
primary masses will be considered. These idealizations allow
the essential results to be obtained without undue complexity.
In practice, however, these effects will have bearing on stabil-
ity and control and should be investigated in future studies.
Similarly, it will be assumed that the sail is perfectly reflecting.
The nonperfect reflectivity of a real sail will cause small mod-
ifications to the results obtained, but will not change their
fundamental character.

Dynamical Equations for the Earth-Sun System

Consider now an idealized, perfectly reflecting, planar solar
sail in a corotating Cartesian reference frame of angular veloc-
ity @ with two point primary masses m; and m,, as shown in
Fig. 1. The sail attitude is defined by n and is fixed in the
corotating frame. Since the sail attitude is to be fixed in the
corotating frame, the sail must rotate about the normal to the
plane of the system once per year with respect to a fixed
inertial frame. The ratio of the solar radjation pressure force
to the solar gravitational force exerted on the sail is given by
dimensionless sail loading parameter 8 = ¢*/0. By considering
the ratio of forces, it may be shown that the critical mass per
unit area o* =1.53 gm~2. The units of the system will be
chosen such that the gravitational constant, the distance be-
tween the two primary masses, the sum of the primary masses,
and so the angular velocity of corotation are all taken to be
unity.

The vector dynamical equation for a solar sail in the co-
rotating frame may be written as

d2r+29><d—+9x(9xr) a— Vo) )
dr? de - 3

where the three-body gravitational potential 453(r) and the
nonconservative solar radiation pressure acceleration @ are
given by

d>3(r)=~il_"+i}, a=B LG .nyn @
|r1l |r2| . |r1|2

Although the system is nonconservative, it is, however, auton-
omous owing to the corotation of the reference frame. The
solar radiation pressure force vector can never be directed
sunward so that the sail attitude is constrained such that
ri-n = 0. The sail position vectors are defined with respect to
the Cartesian frame by
n=x+uy 2), n=x-0-p),»,2) 3
Since the centrifugal term in Eq. (1) is conservative it may
be written as a scalar potential ¥(r) such that
VYr)=2x@xr), Y(r)=-%I1Qxri? @)
Defining a new corotating potential U(r) = ®;(r) + ¥(r), a
reduced dynamical equation is obtained.

dzr+2sz><d—+vU()— 5
de? dr r=a ©)

In the corotating frame stationary solutions are required so
that the first two terms of Eq. (5) vanish. The five classical
Lagrange solutions r% (j = 1, 5) are then given by the solu-
tions to the equation VU (r) = 0. However, for the solar sail
three-body system there exists an additional acceleration term
a that is a function of the sail loading parameter 8 and the sail
attitude n so that new artificial stationary solutions may be
generated.

Since the vector a is oriented in direction n, taking the
vector product of n with Eq. (5) it follows that

vU({r)xn =Oén =AVU®@) 6)

where A is an arbitrary scalar multiplier. Using the normaliza-
tion condition In| = 1, \ is identified as | vU(r)| ! so that
the sail attitude required for a stationary solution is given by

vU(r)

"= IvUe) ™

The sail attitude may then be expressed in terms of two angles
(a, x), defined with respect to the coordinate triad [?,, #; X @,
(71 X ) X #,] centered on the sail. The pitch angle « is defined
as the angle of n with respect to 7, and the clock angle x is
defined as the angle of the projection of » in the plane normal
to P, with respect to (7, x ). Therefore, taking vector and scalar
products of Eq. (7) with #;, these angles may be written as

tan o(r) = Inx vUm! r;li( vvél(ir))l (8a)

lr, x Y X [r x vUPII
rxX®)-IrxvUE)

tan x(r) = (8b)

The sail loading required may also be obtained by taking a
scalar product of Eq. (5) with n. Requiring a stationary solu-
tion, it is found that

vU(@r)-n
(r-n)y?

Therefore, general vector valued functions for the sail atti-
tude and loading required for stationary solutions have been
obtained in terms of the corotating three-body potential U(r).
Since the sail loading and attitude may be chosen at will, the
set of five Lagrange stationary solutions will be replaced by an
infinite set of artificially generated stationary solutions. The
classical solutions then correspond to the subset 8 = 0. This
infinite set of solutions is parameterized into level surfaces by
the sail loading 8. A particular stationary solution on a level
surface is then defined by the two attitude angles («, x).

Bry=010-p 'nl? ®
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Fig. 2 Section of the level surfaces in the Earth-sun system a) normal to the plane of the system and b) in the plane of the system. Required sail
loadings are given by: 1) 0.3, 2) 0.5, 3) 0.7, 4) 0.9, 5) 1.0, 6) 1.01, and 7) 1.1.
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Fig. 3 Section of the level surfaces in the near Earth region a) normal to the plane of the system and b) in the plane of the system. Required sail
loadings are given by: 1) 0.02, 2) 0.04, 3) 0.06, 4) 0.1, 5) 0.2, 6) 0.4, 7) 1.0, and 8) 3.0.

Existence of Stationary Solutions

Now that the existence of new stationary solutions has been
established, the regions in which these solutions may exist must
be investigated. These regions are defined by the constraint

r-vUu@E)z=0 a0

with the boundary surface defined by an equality in Eq. (10).
This constraint may be understood physically since the solar
radiation pressure acceleration vector a, and so the sail atti-
tude vector n, can never be directed sunward. The sail pitch
angle is therefore constrained such that lal <x/2.

In scalar form the three-body potential U(r) = &3(r) + ¥(r)
may be written as

Uer) = - [1 (2 4y 4k ﬁ} an
2 r r

Therefore, evaluating the gradient of U(#) in Eq. (10) a func-
tion S(r) = 0 is obtained

1-— .
S(r)=x(x +p) +y2——L T2 (12)

I I3

The function S(r) has two topologically disconnected boundary
surfaces S; and S, that define the boundary to the region of
existence of stationary solutions (see Figs. 2 and 3). The region
of existence of the stationary solutions lies between these two
surfaces.

The outer surface S; possesses a cylindrical topology and
excludes solutions along the x axis from — oo<x<x%s and
xl2<x < + oo, whereas the inner surface S, excludes solutions
along xZi<x <1 — p. All of the five classical Lagrange solu-
tions lie on S, and S, since they are the solutions VU(r) =0
of Eq. (10). In general the sail loading level surfaces approach
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the boundary surface asymptotically with 8—oo, as then
r - vU(@F)—0in Eq. (9).

Stationary Solutions in the Earth-Sun System

Level surfaces of constant sail loading may now be gener-
ated from Eq. (9) for the Earth-sun system (u = 3.036 x 10~9).
For ease of illustration, sections of the surfaces through the
x-y and x-z planes are used. Then, only the pitch angle « will
be required to completely describe the sail attitude required
for a stationary solution. In general, though, the two angles
(o, x) are required to describe the sail attitude for a stationary
solution at some arbitrary position.

The sections of the level surfaces generated by Eq. (9) are
shown in Figs. 2 and 3. The sections define families of one
parameter level curves representing subsets of the continuum
of new artificial stationary solutions with equal sail loading.
The sail attitude required is also shown. From Fig. 2 it can
be seen that in the far Earth region the level surfaces are a
family of topologically nested tori with the inner radius of the
torus vanishing as 8—1. In the plane of the system the level
curves are near circular with the sail pitch angle o = 0. These
curves represent the sail loading required for a circular helio-
centric orbit with an orbital period of 1 yr. Out of the plane of
the system the solutions are essentially Earth synchronous
heliocentric halo-type orbits.>* Along the z axis of the system
there are stationary solutions above the poles of the sun with
8=1.

A detailed plot of the sections of the level surfaces near the
Earth is shown in Fig. 3. It can be seen that the level surfaces
around L, and L, accessible to the solar sail expand with
increased sail loading, but always contain the classical La-
grange point they are associated with, as this corresponds to
the solution 3 #0, r;-n =0.

For 3 = 1 there are no solutions in the plane of the system,
except at the five classical Lagrange points where ;- n = 0. It
can be seen in Fig. 2 that away from the Earth the level
surfaces have undergone a topological change for 3>1 and
have become a family of nested cylinders. There are also no
intersections with, and so no solutions in, the x-y plane except
at the L, s points where r; - n = 0 and the sail loading is unde-
fined. There are, however, out-of-plane solutions correspond-
ing to halo-type orbits at greater distances above the plane of
the system. In the near Earth region, Fig. 3, it is seen that for
an increased sail loading the level surfaces continue to expand,
asymptotically approaching the boundary surfaces S; and S,.

Stability and Control

Now that the existence of the artificial stationary solutions
has been established, it is necessary to examine their stability.
The general vector dynamical equation is given by Eq. (5) as

ili+ 2Q xg—':
de? dr

+vU(r)=a 13)
It will be assumed that the sail is stationary on some level
surface at a point 7. Then the dynamical equation in a local
neighborhood of ry is obtained in the usual manner using an
arbitrary perturbation 8, such that ro—r, + 8. Since ry is a
stationary solution, a variational equation is obtained.

d? ds
@+29xa;+vU(r0+6)—a(ro+6)=0 (14)

The potential gradient and the solar radiation pressure acceler-

ation may be expanded in trivariate Taylor series about the
stationary solution to first order as

VU(@ry+ 6)= vVU(ry) +(% vU@) |6+ 0(181%) (15a)

r=rp

a(r0+6)=a(r0)+a%a(r) 6+ 0(181%» (15b)

r=ro,n=ng

Then, since vV U(rg) = a(ry) for a stationary solution, a linear
variational equation is obtained

dé
_+Mla+(M2—M3)5=0 (16)

where M, 3, the gravity and radiation gradient tensors, and the
skew symmetric gyroscopic matrix M, are given by

0 -2 0
M=<2 -0 05, M, = {Uy}, M; = {a;} (17)
0 0 0 G,/) € (2

where Uj; is the (i, j) partial derivative of the potential with
respect to the Cartesian axes and g;; is the jth derivative of the
ith component of the solar radiation pressure acceleration.
The stability of the system may be investigated in the usual
manner by examining the system eigenvalues resulting from
the characteristic polynomial. This investigation may be car-
ried out by substituting an exponential solution of the form

o = ge*, 5=y +iuw, i=v -1 18)
Substituting this solution into Eq. (16) yields a matrix equa-
tion of the form '

U +sMy+ M*)8, =0 (19)

where M* = M, — M,. For nontrivial solutions a vanishing
secular determinant is required, which then gives the charac-
teristic polynomial of the system P(s) =0

6
P(s)= Y as_js’ (20)
j=0

where, owing to the fundamental theorem of algebra, P(s) has
six roots 5; = v; + iw;(j = 1, 6). For asymptotic stability it is
required that all of the system eigenvalues are in the left-hand
complex plane so that y; <0 (j = 1, 6). However, for stability
in the Lyapunov sense the weaker condition, that all of the
roots of P(s) are at least purely imaginary, is required. This
condition constrains the motion to a local neighborhood of
the nominal stationary solution.
The coefficients of the polynomial P(s) are given by

a=1 (21a)

a=0 , (21b)

ay =M + M3+ M35+ 4 @210
ay = 2(M3; — M%) (21d)

as = MiM35 + MM + MM — MM

— MM — MSMS + 4aM3; (21e)
as = MM — M) + 2(M M — M M) (211)

as = M{IMB M — MMM — MEMBEMS,
— MM MY + MMM + MMy M, (21g)

Since a; = 0, an application of the Routh-Hurwitz criterion
implies that at least one eigenvalue will not lie in the left-hand
complex plane (i.e., there is at least one eigenvalue with
v; 2 0). Therefore the system does not naturally possess



MCINNES, MCDONALD, SIMMONS, AND MACDONALD: SOLAR SAIL PARKING 403

asymptotic stability. Given this fact, the condition for Lya-
punov-type stability with purely imaginary eigenvalues, v; = 0
(j =1, 6), will be established. Substituting for s = iw, the
characteristic polynomial P(s) becomes

P(jw)y= — b+ a2w4 - ia3co3 - 040.)2 + iasw + ag 22)

For the condition P(s) = 0 to hold it is required that both the
real and purely imaginary parts of the polynomial are identi-
cally zero

— Wt awt - aw?+as=0 (23a)
iolas — wlaz) = 0 (23b)

Six consistent solutions of Egs. (23) with wf >0(j=1, 6)
are now required. From Eq. (23b) it is seen that w, =0,
wy 3= ++/(as/as). However, the solution w; = 0 is obviously
inconsistent with Eq. (23a). The remaining solutions w, 3 are
also not generally consistent with Eq. (23a). However, Eq.
(23D) is satisfied if a3 = a5 = 0. The eigenvalues of the system
are then determined as conjugate pairs from Eq. (23a), which
may or may not have real solutions.

Therefore a necessary, but not sufficient, condition for
Lyapunov stability is then a; = 0= (M5} — M7}) = 0. However,
since the potential is conservative U,, — U,, =0, so that
a; = 0=(a,, — ay,) = 0. Similarly the condition a; = 0 requires
that a,, — a,, = 0 and a,;, — a,, = 0. Taken together these con-
ditions imply that § =0 or

vxa=0 (24)

That is, the solar radiation pressure acceleration must be
conservative and so must be derivable from some scalar poten-
tial. Therefore, the required conditions for Lyapunov-type
stability are that o = 0 (modified photogravitational system?),
or 3 = 0 (classical restricted system). In practice the solutions
away from the Earth will behave as Earth synchronous helio-
centric halo orbits, which are found to have regions of Poin-
caré stability and instability.>

It has been shown then that the set of new stationary solu-
tions do not possess a natural asymptotic stability and that
Lyapunov stability is only possible for the particular solutions
when the sail is oriented along the sun line. In general, there-
fore, a control scheme is required to ensure asymptotic stabil-
ity. A simple control scheme using proportional and derivative
feedback to the sail attitude will now be outlined.

Including first-order variations in the sail attitude ny—nqy+ én,
the open-loop variational system becomes

d% dé oa
— + M*8 =Nén, N=—
dtz + Ml + n an

Y (25)

r=ro,n=ng

In the full six-dimensional phase space, with x = (5, dé/d#)7,

the system then becomes
{ }(26)

To proceed further it is necessary to determine if the system
is fully controllable. Therefore, the 6 X 6 controllability ma-
trix C = {Q, PQ, P*Q, P?Q} must have full rank

0: N ~M\N : —M*N+MN
C= : : : 27
N: —MN ' —M*N +MIN ;ZM*MIN—MEN

Since N #0 if r;-n #0, in general all the rows of C are
linearly independent so that »(C) = 6 and the system is fully
controllable. The control will then be defined as

ds
on=A-0+A;-
n=A -0+ Ay { d t} (28)

so that the sail attitude trim is given as a function of the sail
position and velocity relative to the nominal stationary solu-
tion. The closed-loop system is then given by

d2s dé
aﬁ+(M1—NA2)a;+(M*—NA1)6=O 29)

Therefore, the feedback control now allows y; <0 (j =1, 6)
with a suitable choice of gain matrices A, ; so that the station-
ary solutions may have asymptotic stability. In general the
choice of gains will depend to a large extent on operational
requirements. (In the far Earth region the control for heliocen-
tric halo-type orbits may be used.?) However, to demonstrate
the existence of asymptotic stability the gain matrices will be
chosen as

A= N~ M* — N, Ay =N"\M; — N D) (30)
Substituting these gains into the variational system, a damped
harmonic equation is obtained with the damping proportional
to the gain constants A ,

a2 dé
{dt } + N {dt} +X0=0 €20

which has a characteristic polynomial
52+)\15 +N=0 (32)

Since the gain constants A; , may be arbitrarily chosen, the
eigenvalues may be chosen to be in the left-hand complex
plane ensuring asymptotic stability. A solution of Eq. (31) is

then
A A2 %
5= — {3‘} + {Il - Az} (33)

so that for asymptotic stability it is required that A\;>0,
N2> A2/4. It has been shown then that, in principle, the sta-
tionary solutions are controllable using a feedback control to
the sail attitude and that asymptotic stability can therefore be
achieved.

6= 506“,

Dynamical Equations for the Earth-Moon System

An idealized perfectly reflecting solar sail will now be con-
sidered in a corotating reference frame of constant angular
velocity € with a point mass Earth m; and moon m,. The
dynamics of the Earth-moon restricted three-body system are
quite different from the Earth-sun system in that the sun line
S is not fixed in the corotating frame but rotates once per
synodic lunar month. It will be assumed that the solar radia-
tion pressure is constant in magnitude over the scale of the
problem. In the units of the system the Earth-moon distance is
taken to be unity. Therefore, the sail loading parameter is now
defined as the solar radiation pressure acceleration made di-
mensionless with respect to the Earth’s gravitational accelera-
tion at the lunar distance. The spacecraft mass per unit area is
then related to the sail loading parameter by the relation
o=3.3858"! gm~2

The vector dynamical equation for a solar sail in this co-
rotating frame may be written as

& axd vUr) G4
d dr "=
ds? dr 4
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Fig. 4 Section of the level surfaces in the near lunar region a) normal to the plane of the system and b) in the plane of the system at time Q.t=0
deg. Sail loading values are given by: 1) 0.3, 2) 0.6, 3) 1.0, 4) 1.5, and 5) 3.0.
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Fig. 5 Section of the level surfaces in the near lunar region a) normal to the plane of the system and b) in the plane of the system at time Q.t=45
deg. Sail loading values are given by: 1) 0.3, 2) 0.6, 3) 1.0, 4) 1.5, and 5) 3.0.

where the corotating three-body potential U(r) and the solar
radiation pressure acceleration a4 are given by

l_“+L}, a =B -n)n (35

Irl Py

Ur)= —{1/2|Q><r|2+

where p = (my/m + my) = 0.01215 is the mass ratio of the
Earth-moon system. The sail attitude is constrained such that
S -n =0 and the direction of the sun line is given by

S = [cos(Qyt), — sin(2,1), 0] 36)

where Q, = 0.9252 is the angular rate of the sun line in the
corotating frame in dimensionless units. The small annual
changes (+5 deg) in the inclination of the sun line with respect
to the plane of the system are ignored.

By again requiring stationary solutions in the corotating
frame and taking vector products, Eq. (34) may be solved to

obtain the required sail attitude as

vU(r)
= ——— 37
"= UE) @n
which is time independent. The required sail loading may also
be obtained, but is, however, time dependent due to the rotat-
ing sun line
vU@F) n
t)y=—"—— 38
B0 =150y nT 39)
As before, the region of existence of stationary solutions is
bounded, the boundary being defined by the time-dependent
condition S -n = 0. This condition yields a function T'(r; t)=0
defining the time-dependent boundary surface to the regions
of existence of solutions. This function is given by

T@r;t)= % cos(Qxt) — 6U}(}r)

sin(Q?) 39)
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Fig. 6 Section of the level surfaces in the near lunar region a) normal to the plane of the system and b) in the plane of the system at time 0, ¢ = 180
deg. Sail loading values are given by: 1) 0.3, 2) 0.6, 3) 1.0, 4) 1.5, and 5) 3.0.
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Fig. 7 Utilization of three-body stationary solutions for the parking
of solar sail spacecraft on interplanetary transfers.

so that on this surface the sail attitude is normal to the sun
line. Again there are two topologically disconnected regions 7
and T5.

For a fixed sail loading the conditions for stationary solu-
tions derived earlier are only valid instantaneously at some
time f,. For a short, finite duration stay a small open-loop
control acceleration is required to compensate for the moving
sun line. This acceleration will require a small variation in the
sail loading since the sail attitude required is time independent.
Although Eq. (38) gives the required change in sail loading as
a function of the sun line position, an approximate expression
can be obtained by expanding the solar radiation pressure
acceleration about the stationary solution at position r, and
time f,. At a time Af later the condition for continued equi-
librium is given by

00

SUG) =at)+ Y = da (40)
7o) = - —
0 U ar

Therefore, for a short duration stay (Af <€ 1) the first-order
trim in the sail loading is given by

B8 s atn.9S
3 28 n{n. dt}m A1)

If AB/8 remains small by limiting At to 5 x 1073, for example,
a stay of 3.3 h is possible. For solar sails with a large trim
capability, much longer duration stays would, however, be

possible. Furthermore, if n =5 then n - (dS/d¢) = 0 so that,
to first order, no variation in the sail loading is required.

Stationary Solutions in the Earth-Moon System

Using Eq. (38), level surfaces of constant sail loading in the
Earth-moon system may be generated. Again, sections of the
surfaces through the x-y and x-z planes are used. Then, only the
pitch angle « is required to describe the required sail attitude.

At time Q¢ = 0 deg the sun line is directed along the Earth-
moon line. Sections of the level surfaces of constant sail
loading at this time are shown in Fig. 4. The surfaces expand
with increasing sail loading in a similar manner to the Earth-
sun system. This result is to be expected due to the configura-
tion of the Earth-moon-sun system at this time. Sections of the
boundary surfaces T; and 7 are also shown.

Some time later in the synodic month when Q¢ = 45 deg the
topology of the surfaces radically transforms (see Fig. 5).
Normal to the plane of the system the surfaces are still sym-
metric. However, in the plane of the system the surfaces about
the L, and L, points are asymmetric and connect at a loading
value of approximately 1.2. Similarly, the boundary surfaces
T, and T, are now connected. It can, however, be seen that the
required sail attitude is time independent. Finally, at time
Q.t = 180 deg the regions of existence of solutions have re-
versed with respect to Q.¢ = 0 deg, and so solutions are now
forbidden within surface 7, and are allowed outside of surface
T, (see Fig. 6).

Applications

For interplanetary solar sail missions, a large fraction of the
total transfer time is contained in the initial and final planeto-
centric spirals to and from low planetary orbit and escape.
This element of the total transfer time can, however, be elim-
inated by parking the solar sail near the planetary L, point on
a level surface of constant sail loading equal to the total
spacecraft loading. At the end of an interplanetary trajectory
the spacecraft would transfer its payload to a low planetary
orbit with impulses from a chemical motor with space storable
propellants (see Fig. 7).

The solar sail parking scheme would also allow the sail to be
optimally designed for interplanetary space. Planetocentric
spiral trajectories require large attitude turning rates, a re-
quirement that puts demands on the sail structure and attitude
control mechanisms. Also, for sample returns, if the sample
was transferred to the parked sail by chemical means the long
spiral out of the planet’s gravity well could be avoided. After
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Fig. 8 Isometric projection of a surface of payload mass m, as a
function of sail area 4 and sail mass per unit area o;.

the initial payload drop to the planetary surface, the sail
would have an increased loading and so would be stationed on
a level surface closer to the planet to await the sample return
from the planetary surface. Of course, there is a mass penalty
imposed due to the need for propellant to be transported to
the destination. However, the shortened total mission dura-
tion may more than compensate.

At the Earth-sun L, point a number of spacecraft, such as
ISEE-3, have been, or will be, positioned for solar observa-
tions and for ‘““upwind’’ observations of the solar wind to be
combined with data from near Earth orbiting spacecraft.
However, spacecraft positioned directly at the Z, point would
appear in the center of the solar radio disk when observed
from Earth and so would be unable to make data returns. This
problem is overcome, however, by forcing the spacecraft to
execute a ballistic Lagrange point halo orbit. This highly un-
stable trajectory is a periodic orbit normal to the ecliptic plane
so that, when viewed from Earth, the spacecraft appears to
orbit around the solar radio disk allowing data returns. To
maintain the Lagrange point orbit, however, requires regular
stationkeeping maneuvers so that the on-board propellant
mass ultimately determines the mission lifetime.

Using a relatively small sail a payload could be positioned at
the L, point, but simply displaced above the ecliptic plane to
avoid the solar radio disk. At a distance of 1.2 x 10° km above
the ecliptic plane and 7.2 x 10* km sunward of the L, point, a
minimized total spacecraft mass per unit area of 205 gm~2 is
required. For a low performance sail of 5 gm~2 and a 10° kg

payload, only a small 70 X 70 m square sail is required. A
tradeoff between payload mass, sail area, and the sail total
mass per unit area is shown in Fig. 8. For low payload masses
extremely small sails are required. Since stationkeeping may
be performed using trims on the sail attitude, no propellant is
required and the mission lifetime is limited only by the lifetime
of the payload and the sail. This factor is also of importance
for potential payloads as chemical exhaust plumes may cor-
rupt spectral data.

Other space science missions utilizing the three-body solar
sail stationary solutions would require a solar sail to be sta-
tioned near the L, point to investigate the far regions of the
geomagnetic tail. Since the sail would be stationary, temporal
and spatial variations in the observations may be deconvolved.
The full three-dimensional structure of the tail may then be
investigated by transferring from in-plane to out-of-plane sta-
tionary points. Finally, applications for communications pur-
poses have been made as an extension of the “‘statite’’ concept
to large geocentric distances where a full three-body analysis
is required.’

Conclusions

It has been demonstrated that circular restricted three-body
systems with solar sail spacecraft have a continuum of new
artificial stationary solutions. For the Earth-sun system these
new solutions appear as level surfaces of constants sail loading
around the classical Lagrange points. A linear stability analysis
shows that these solutions are in general unstable, apart from
the solutions with the sail oriented along the sun line. How-
ever, since it is found that the system is controllable, asymp-
totic stability may be ensured through the use of feedback
control to the sail attitude. These new solutions appear to have
interesting potential applications for space science missions.
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